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1. Introduction
Pontryagin duality is a formidable tool in the theory of topological groups and harmonic analysis, as well as many other
ﬁelds of mathematics [20]. This is why it is desirable that experts in all these ﬁelds become familiar with this extraordinary
technique. Unfortunately, the doors to this magniﬁcent castle are “guarded” by another masterpiece in mathematics, Peter–
Weyl’s theorem in the sense that its proof is the hardest inevitable part in the proof of the duality theorem. Usually, the
standard expositions in topological groups provide a proof of Peter–Weyl’s theorem in full generality which requires a heavy
machinery coming from functional analysis, whereas the proof of Pontryagin duality theorem needs only the Peter–Weyl’s
theorem in the abelian case. This motivated the ﬁrst tentative of Prodanov to provide such a proof in [27]. A second proof
appeared in the monograph [8], that is out of print since many years. Meanwhile, the proof was further improved as a result
of its exposition at graduate courses or elsewhere. Since this approach seems to remain relatively unknown to a part of the
wide audience, we decided to present here this improved version of the elementary proof from [8] as well as several
applications with the hope that Prodanov’s ideas will become widely known and used. Other ideas of Prodanov related to
dualities are discussed in [7].
Let L denote the category of locally compact abelian (LCA) groups and continuous homomorphisms. Prominent examples
of compact abelian groups are the powers of the circle group T, as well as their closed subgroups. This is the most general
instance of a compact abelian group, i.e. every compact abelian group is isomorphic to a closed subgroup of a power of T (see
* Corresponding author.
E-mail address: latchezar.stoyanov@uwa.edu.au (L. Stoyanov).0166-8641/$ – see front matter © 2011 Elsevier B.V. All rights reserved.
doi:10.1016/j.topol.2011.06.037
D. Dikranjan, L. Stoyanov / Topology and its Applications 158 (2011) 1942–1961 1943Corollary 5.4). Furthermore, every abelian group of the form Rn × G , where G has an open compact subgroup K , is locally
compact. Actually, every locally compact abelian group has this form (see e.g. [15,25]).
For G ∈ L denote by Ĝ the group of continuous homomorphisms G → T equipped with the compact-open topology
having as a base of the neighborhoods of 0 the family of sets W (K ,U ) = {χ ∈ Ĝ: χ(K ) ⊆ U }, where K ⊆ G is compact and
U is an open neighborhood of the neutral element in T. If G ∈ L, then also Ĝ ∈ L. So
G → Ĝ, f → f̂
is a contravariant endofunctor ̂:L → L, where f̂ is deﬁned for f :G → H as f̂ : Ĥ → Ĝ , with f̂ (χ) = χ ◦ f for χ ∈ Ĥ .
Pontryagin–van Kampen duality theorem says that this functor is an involution i.e., Ĝ ∼= G for every G ∈ L. Moreover,
this functor sends compact groups to discrete ones and vice versa, i.e., it deﬁnes a duality between the subcategory C of
compact abelian groups and the subcategory D of discrete abelian groups.
Let G be a topological abelian group. Deﬁne ωG :G → Ĝ such that ωG(x)(χ) = χ(x), for every x ∈ G and for every χ ∈ Ĝ .
In a more precise form, the Pontryagin–van Kampen duality theorem says that ωG is a topological isomorphism for every
G ∈ L.
Injectivity of ωG(x) means that Ĝ separates the points of G (i.e., for every x ∈ G \ {0}, there exists χ ∈ Ĝ with χ(x) 	= 1).
So the main step in the proof of the Pontryagin–van Kampen duality is the following theorem, proved in Section 5 (Corol-
lary 5.3).
Peter–Weyl’s theorem (Abelian case). If G is a compact abelian group, then Ĝ separates the points of G.
The main tool in the proof of this theorem is the so-called Følner’s Theorem 5.1 which is a rather deep and general
fact on its own account. An elementary proof of it was found by Prodanov [27] and we present it in Section 5. It is based
on a topology-free local form of the Stone–Weierstraß theorem for subsets of an abelian group (Proposition 4.6) and the
so-called Prodanov’s lemma (see Section 4 below) which in certain situations derives existence of continuous characters on
topological abelian groups from that of discontinuous ones. This remarkable lemma is very eﬃcient in applications, yet its
proof is completely elementary.
Using Peter–Weyl’s theorem we then derive
Pontryagin–van Kampen duality theorem (Discrete-compact case). If G is a discrete or compact abelian group, then ωG :G → Ĝ
is a topological isomorphism.
The techniques developed in the ﬁrst 5 sections of this paper have a wide range of possible applications, however here
we limit ourselves with just two more substantial consequences. The ﬁrst one is the description of the algebra A(G) of
almost periodic functions on an abelian group G and Bohr–von Neumann theorem (see Section 6). The second one is the
following celebrated theorem:
Existence of Haar Integral. Every locally compact abelian group G admits a Haar integral, i.e. a non-zero linear functional∫
:C0(G) → C which is positive (i.e. if f ∈ C0(G) is real-valued and f  0, then also
∫
f  0) and invariant (i.e.,
∫
fa =
∫
f for
every f ∈ C0(G) and a ∈ G, where fa(x) = f (x + a)), and C0(G) denotes the space of all continuous complex-valued functions with
compact support.
The proof proceeds roughly speaking like this: in Section 6 we show that for every abelian group G there is a unique
invariant mean I on A(G) (Theorem 6.13). Applying Prodanov’s lemma we show that the one-dimensional subspace of A(G)
formed by the constant functions splits as a direct summand. The resulting projection A(G) → C gives a linear positive
functional that is nothing else but the invariant mean I . Using the fact that every continuous function on a compact group
is almost periodic, this invariant mean gives also a (unique) Haar integral for compact abelian groups. Finally, the Haar
integral is extended to arbitrary LCA groups (Theorem 7.5). We should mention that elementary proofs of the existence and
uniqueness of the Haar integral on general locally compact groups were given by H. Cartan [4] (see also Chapter 4 in [15]
or Section II.9 in [22]) and A. Weil (see e.g. Section II.8 in [22]). Our proof, fully exploiting the advantage of the abelian
structure, is shorter and more transparent.
The paper is organized as follows. In Section 2 we give the proof of Bogoliouboff–Følner’s lemmas (the articulation of
the proof does not faithfully follow [8, §§1.2–1.3], we give a new Lemma 2.2, while [8, Lemma 1.3.1] is absorbed in the
proof of Lemma 2.5), Section 3 is dedicated to the subgroups of the compact group, namely the precompact groups. Here
we use Følner’s lemma to give a description of the zero-neighborhoods in the Bohr topology. Section 3 can be omitted at
ﬁrst reading by the reader interested to get to the proof of Pontryagin–van Kampen duality theorem as soon as possible.
In Section 4 comes Prodanov’s lemma and its ﬁrst applications to independence of characters. Here we give a local form
of Stone–Weierstraß theorem used further in the proof of Følner’s theorem. In Section 5 come the proofs of Peter–Weyl’s
theorem, Følner’s theorem, Comfort–Ross’ theorem and Pontryagin–van Kampen duality theorem in the discrete-compact
case. In Section 5.3 we give some facts on the structure of the locally compact abelian groups used here and in the last
section. Section 6 is dedicated to the algebra A(G) of almost periodic functions on an abelian group G and the proof of
Bohr–von Neumann’s Theorem 6.6. In Section 6.3 we build the invariant mean on A(G).
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We denote by P, N and N+ respectively the set of primes, the set of natural numbers and the set of positive integers.
The symbols Z, Q, R, C will denote the integers, the rationals, the reals and the complex numbers, respectively. In the circle
group T we use the multiplicative notation. Concerning abelian groups our notation and terminology follow [13], while for
basic topological background we refer the reader to [10].
For an abelian group G we denote by Hom(G,T) or G∗ the group of all homomorphisms from G to T and we call the
elements of Hom(G,T) characters. So Ĝ is a subgroup of G∗ , when G is a topological group. In particular, G∗ = Ĝ when G
is discrete.
When G carries no speciﬁc topology, we shall always assume that G is discrete, so that Ĝ = G∗ . If G is a topological
abelian group, we shall denote by Gd the group G equipped with the discrete topology, so that G∗ = Ĝd .
If M is a subset of G then 〈M〉 is the smallest subgroup of G containing M and M is the closure of M in G .
For a set X we denote by B(X), the C-algebra of all bounded complex-valued functions on X . For f ∈ B(X) let
‖ f ‖ = sup{∣∣ f (x)∣∣: x ∈ X}.
The C-algebra B(X) will always carry the uniform convergence topology, i.e., the topology induced by this norm. If X is a
topological space, C(X) will denote the C-algebra of all continuous complex-valued functions on X .
In the sequel various subspaces of the C-algebra B(G) for an abelian group G will be used. The group G acts on B(G)
by translations f → fa , where fa(x) = f (x+a) for all x ∈ G and a ∈ G . These translations are isometries, i.e., ‖ fa‖ = ‖ f ‖ for
all a ∈ G .
If G is a topological abelian group, we denote by X(G) the C-subspace of B(G) spanned by Ĝ (i.e., consisting of all linear
combinations of continuous characters of the group G with coeﬃcients from C) and by X0(G) its C-subspace spanned by
Ĝ \ {1}. Note that X(G) is a subalgebra of B(X) and X(G) = C · 1 + X0(G), where 1 denotes the constant function 1. Both
X (G) and X0(G) are invariant under the action f → fa of the group G . We shall see that X0(G) is a hyperspace of X(G),
i.e., X(G) = C · 1⊕ X0(G).
Furthermore, let A(G) denote the closure of X(G) in B(G) (i.e., the set of all functions f ∈ B(G) such that for every ε > 0
there exists a g ∈ X(G) with ‖ f − g‖ ε). Hence A(G) is again a C-subalgebra of B(G) containing all constants and closed
under complex conjugation.
Clearly, X(G), X0(G) and A(G) make perfectly sense also for a non-topologized group G , which will always be considered
with the discrete topology. Hence, in this case X(G) is the C-subalgebra of B(G) spanned by G∗ , A(G) is the closure of X(G)
in B(G), etc. So, for a topological abelian group G one can consider also the underlying discrete group Gd , so that X(G) will
be a C-subalgebra of the larger subalgebra X(Gd) (spanned by G∗). Analogously, A(G) is a C-subalgebra of A(Gd) – the
closure of X(Gd) in B(G).
It is good to point out (see Corollary 4.3) that
X(Gd) ∩ C(G) = X(G) and C(G) ∩ A(Gd) = A(G)
i.e., if a linear combination of distinct characters is continuous, then we can assume that all characters are continuous (and
the same paradigm applies to uniform approximations by means of linear combinations of characters).
2. Bogoliouboff–Følner’s lemma
A subset X of an abelian group G is big if there exists a ﬁnite subset F of G such that G = F + X . If |F | k, we say that
X is k-big.
Example 2.1. Let G be an abelian group. For characters χi , i = 1, . . . ,n, of G and δ > 0 let
UG(χ1, . . . ,χn; δ) :=
{
x ∈ G: ∣∣Arg(χi(x))∣∣< δ, i = 1, . . . ,n}.
It is easy to see that each set of the form UG(χ1, . . . ,χn; δ) is big in G .
For a subset E of an abelian group G let E(2) = E − E , E(4) = E − E + E − E , E(6) = E − E + E − E + E − E and so on.
Clearly, for every homomorphism q :G → H and E ⊆ G one has q(E(4)) = q(E)(4) . The next lemma shows a more subtle
aspect of this relation in the case of some special quotients.
Lemma 2.2. Let F be an abelian group and let r, t ∈ N. For A = Zr × F and n ∈ N+ let An = (−n,n]r × F , N = 2tnZr (considered as
a subgroup of A) and let q : A → A/N be the canonical homomorphism. If B ⊆ An, then every a ∈ An with q(a) ∈ q(B)(4) satisﬁes
a ∈
{
B(4), if t > 2, or
B(4) + {0,±2n ± 4n}r × {0}, if t = 1 or 2.
Proof. It follows from our hypothesis q(a) ∈ q(B)(4) that there exist b1,b2,b3,b4 ∈ B and c = (ci) ∈ N such that a = b1 −
b2 + b3 − b4 + c. Now c = a − b1 + b2 − b3 + b4 ∈ (An)(4) + An implies |ci| 5n for each i. So c = 0, in case t  3, as 2tn|ci
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for i = 1,2, . . . , r. 
For every big set E containing a big set of the form UG(χ1, . . . ,χn; δ) in a group G , one can ﬁnd a big set V (namely
V = UG(χ1, . . . ,χn; δ/8)), such that V (8) ⊆ E . The main result of this section shows that this property can be inverted in
the following sense (see also Corollary 3.5):
Lemma 2.3 (Følner’s lemma). Let A be an abelian group. If k is a positive integer and V is a k-big subset of A, then there exist
χ1, . . . ,χm ∈ A∗ , where m = k2 , such that U A(χ1, . . . ,χm; π2 ) ⊆ V (8) .
For A = Z Lemma 2.3 is due to Bogoliouboff [2]. He proved that in this case V (8) can be replaced by the smaller set V (4) .
In the general case the lemma was proved by Følner [11]. In [12] he (as well as Ellis and Keynes [9]) proved that also in
this case V (8) can be replaced by the smaller set V (4) , but this proof uses integrals (mean values). We are not aware if this
fact can be proved without any recourse to such tools.
The ﬁrst step is the following elementary lemma due to Bogoliouboff [2] for cyclic groups, the general case is due to
Følner [11]. A proof of this lemma can be found also in Maak [19] or [8, Lemma 1.2.3].
Lemma 2.4 (Bogoliouboff lemma). If G is a ﬁnite abelian group and E is a non-empty subset of G, then there exist χ1, . . . ,χm ∈ G∗ ,
where m = [( |G||E| )2], such that U (χ1, . . . ,χm; π2 ) ⊆ E(4) .
Let us note that the estimate for the number m of characters is certainly non-optimal when E is too small. For example,
when E is just the singleton {0}, the upper bound given by the lemma is just |G|2, while one can certainly ﬁnd at most
m = |G| − 1 characters χ1, . . . ,χm (namely, all non-trivial χi ∈ G∗) such that U (χ1, . . . ,χm; π2 ) = {0}. For certain groups
(e.g., G = Zk2) one can ﬁnd even a much smaller number (say m = log2 |G|). Nevertheless, in the cases relevant for the proof
of Følner’s theorem, namely when the subset E is relatively large with respect to G , this estimate seems more reasonable.
The next step is to extend Bogoliouboff ’s lemma to ﬁnitely generated abelian groups:
Lemma 2.5 (Bogoliouboff–Følner’s lemma). Let A be a ﬁnitely generated abelian group and let r = r0(A) be the rank of A. If k is
a positive integer and V is a k-big subset of A, then there exist 1, . . . , s ∈ A∗ , where s = 32rk2 , such that U A(1, . . . , s; π2 ) ⊆ V (4) .
Proof. Fix ε > 0 suﬃciently small to have [ 32rk2
(1−kε)2 ] = 32rk2. Let A = Zr × F , where F is a ﬁnite abelian group and put
An = (−n,n]r × F . It is easy to prove that for a = (a1, . . . ,ar; f ) ∈ Zr × F there exists n0 ∈ N such that∣∣(An − a)∩ An∣∣ |F | · r∏
i=1
(
2n− |ai|
)
for all n > n0. From |An| = |F |(2n)r , one easily gets
lim
n→∞
|(An − a) ∩ An|
|An| = 1 (1)
for every a ∈ A. Let us see that this yields
|V ∩ An| >
(
1
k
− ε
)
|An| (2)
for all suﬃciently large n. Let
⋃k
i=1(ai + V ) = A for a1, . . . ,ak ∈ A. From (1) there exists N > n0 such that |(An − ai)∩ An| >
(1− ε)|An| for every n N and consequently,∣∣(An − ai) \ An∣∣< ε|An| (3)
for every i = 1, . . . ,k. Since An =⋃ki=1(ai + V )∩ An , for every n there exists in ∈ {1, . . . ,k} such that
1
k
|An|
∣∣(ain + V ) ∩ An∣∣= ∣∣V ∩ (An − ain )∣∣.
Since V ∩ (An − ain ) ⊆ (V ∩ An) ∪ ((An − ain ) \ An), (3) yields
1
k
|An|
∣∣V ∩ (An − ain)∣∣ |V ∩ An| + ∣∣(An − ain ) \ An∣∣< |V ∩ An| + ε|An|.
This proves (2).
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is injective, as (An − An) ∩ kerq = {0}. Then (2) gives
|E| = |V ∩ An| >
(
1
k
− ε
)
|An| =
(
1
k
− ε
)
(2n)r |F |
and so
|G|
|E| 
(6n)r |F |
( 1k − ε)(2n)r |F |
= 3
rk
1− kε .
By the choice of ε, this yields [( |G||E| )2] s. Pick n > N to have (2). Apply Lemma 2.4 to ﬁnd s characters ξ1,n, . . . , ξs,n ∈ G∗
such that
UG
(
ξ1,n, . . . , ξs,n; π
2
)
⊆ E(4).
For j = 1, . . . , s let  j,n = ξ j,n ◦ q ∈ A∗ . If a ∈ An ∩ U A(1,n, . . . , s,n; π2 ) then
q(a) ∈ UG
(
ξ1,n, . . . , ξs,n; π
2
)
⊆ E(4) = q(V ∩ An)(4).
So for B = V ∩ An and t = 3 we can apply Lemma 2.2 to get a ∈ V (4) . Therefore, An ∩ U A(1,n, . . . , s,n; π2 ) ⊆ V (4) for all n
satisfying (2).
By the compactness of the metrizable group A∗ , there exist 1, . . . , s ∈ A∗ and a subsequence {nl}l of {n}n∈N+ such that
i(a) = liml i,nl (a) for every i = 1, . . . , s and a ∈ A. Then
U A
(
1, . . . , s; π
2
)
⊆ V (4). (4)
Indeed, take a ∈ U A(1, . . . , s; π2 ). Since A =
⋃∞
l=m Anl for every m ∈ N+ , there exists n0 > N and a ∈ An0 . As i(a) =
liml i,nl (a) for every i = 1, . . . , s, we can pick l to have nl  n0 and |Arg(i,nl (a))| < π/2 for every i = 1, . . . , s, i.e., a ∈
Anl ∩ U A(1,nl , . . . , s,nl ; π2 ) ⊆ V (4) . This proves (4). 
Now we see that by a more careful application of the same argument one can eliminate the dependence of the number s
of characters on the free rank r of the group A in Bogoliouboff–Følner’s lemma. The price to pay for this is taking the larger
set V (8) instead of V (4) . However, this is irrelevant since we obtain the special case of Lemma 2.3 for ﬁnitely generated groups.
Corollary 2.6. Lemma 2.3 holds true for ﬁnitely generated groups.
Proof. Let A be a ﬁnitely generated abelian group, let k be a positive integer and m = k2. We have to prove that if V is a
k-big subset of A, then there exist χ1, . . . ,χm ∈ A∗ , such that U A(χ1, . . . ,χm; π2 ) ⊆ V (8) .
Let r = r0(A) and s = 32rk2. By Lemma 2.5 there exist 1, . . . , s ∈ A∗ such that
U A
(
1, . . . , s; π
2
)
⊆ V (4).
Since A is ﬁnitely generated, we can identify A with Zr × F , where F is a ﬁnite abelian group. For t ∈ {1, . . . , r} deﬁne a
monomorphism it :Z ↪→ A by letting
it(n) = (0, . . . ,0,n︸ ︷︷ ︸
t
,0, . . . ,0;0) ∈ A.
Then each κ j,t =  j ◦ it , where j ∈ {1, . . . , s}, t ∈ {1, . . . , r}, is a character of Z. By Example 2.1 the subset
L = UZ
(
{κ j,t : j = 1, . . . , s, t = 1, . . . , r}; π8r
)
of Z is big, so inﬁnite. Let L0 = ⋃rt=1 it(L), i.e., this is the set of all elements of A of the form it(n) with n ∈ L and
t ∈ {1, . . . , r}. Obviously, L0 ⊆ U A(1, . . . , s; π8r ), so
L0(4r) ⊆ U A
(
1, . . . , s; π
2
)
⊆ V (4). (5)
Deﬁne An = (−n,n]r × F and pick ε > 0 such that ε < 16k4 . Then [( k1−kε )2] = k2, and as in the proof of (2), we get
|V ∩ An| > ( 1 − ε)|An| for suﬃciently large n. Moreover, we choose this suﬃciently large n from L. Let Gn = A/(2nZr) ∼=k
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So q induces a bijection between An and Gn on one hand, and between V ∩ An and E . Thus |An| = |Gn| = (2n)r |F |, |E| =
|V ∩ An| > ( 1k − ε)|An| and so( |Gn|
|E|
)2

(
k
1− kε
)2
, hence
[( |Gn|
|E|
)2]

[(
k
1− kε
)2]
= k2.
To the ﬁnite group Gn apply Lemma 2.4 to get ξ1,n, . . . , ξm,n ∈ G∗n , with m = k2, such that
UGn
(
ξ1,n, . . . , ξm,n; π
2
)
⊆ E(4).
Let χ j,n = ξ j,n ◦ q ∈ A∗ . If a ∈ An ∩ U A(χ1,n, . . . ,χm,n; π2 ), then q(a) ∈ UGn (ξ1,n, . . . , ξm,n; π2 ) ⊆ E(4) = q(V ∩ An)(4) . From
Lemma 2.2 we deduce a ∈ (V ∩ An)(4) + {0,±2n ± 4n}r . As {0,±2n ± 4n}r ⊆ L0(4r) (by our choice n ∈ L), and L0(4r) ⊆ V (4)
by (5), we get a ∈ V (8) . Therefore
An ∩ U A
(
χ1,n, . . . ,χm,n; π
2
)
⊆ V (8)
for suﬃciently large n ∈ L. By the compactness of A∗ , there exist χ1, . . . ,χm ∈ A∗ and a subsequence {nl}l of {n}n∈N+ such
that χ j(a) = liml χ j,nl (a) for every j = 1, . . . ,m and for every a ∈ A. Using A =
⋃{Anl : l > k, nl ∈ L} for every k ∈ N+ we
can conclude as in the above proof that U A(χ1, . . . ,χm; π2 ) ⊆ V (8) . 
Proof of Lemma 2.3. Let g1, . . . , gk ∈ A be such that A =⋃ki=1(gi + V ). Suppose that G is a ﬁnitely generated subgroup
of A containing g1, . . . , gk . Then G =⋃k1=1(gi + V ∩ G) and so V ∩ G is a k-big subset of G . By the above corollary there
exist ϕ1,G , . . . , ϕm,G ∈ G∗ , where m = k2, such that
UG
(
ϕ1,G , . . . ,ϕm,G ; π
2
)
⊆ (V ∩ G)(8) ⊆ V (8).
One can extend each ϕiG to a character of A, so that we assume from now on ϕ1,G , . . . , ϕm,G ∈ A∗ and
G ∩ U A
(
ϕ1,G , . . . ,ϕm,G ; π
2
)
= UG
(
ϕ1,G , . . . ,ϕm,G ; π
2
)
⊆ V (8). (6)
Let G be the family of all ﬁnitely generated subgroups G of A containing g1, . . . , gk . It is a directed set under inclusion. So
we get m nets {ϕ j,G}G∈G in A∗ for j = 1, . . . ,m. By the compactness of A∗ , there exist subnets {ϕ j,Gβ }β and χ1, . . . ,χm ∈ A∗
such that
χ j(x) = lim
β
ϕ j,Gβ (x) for every x ∈ A and j = 1, . . . ,m. (7)
From (6) and (7) we conclude as before that U A(χ1, . . . ,χm; π2 ) ⊆ V (8) . 
3. Precompact groups
This section is dedicated to the subgroups of the compact groups. Although all groups in this paper are abelian, let us
note that Deﬁnition 3.1, Example 3.2, Proposition 3.3, as well as Proposition 3.8, Theorem 3.9, work for arbitrary groups.
Deﬁnition 3.1. A topological group G is totally bounded if every open non-empty subset U of G is big. A Hausdorff totally
bounded group is called precompact.
Example 3.2. Clearly, compact groups are precompact. Subgroups of precompact groups are precompact. In particular, all
subgroups of compact groups are precompact.
Actually, one can prove that a group having a dense precompact subgroup is necessarily precompact. Hence the compact
groups are precisely the complete precompact groups. Therefore, this gives an external description of the precompact groups
as subgroups of the compact groups. Here we collect some other properties of this class.
Proposition 3.3.
(a) The class of totally bounded (precompact) groups is stable under taking subgroups, direct products and (Hausdorff ) quotients.
(b) Every topological group (G, τ ) admits a ﬁnest totally bounded group topology τ+ with τ+  τ . In particular, every group G
admits a ﬁnest totally bounded group topology PG .
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A topological group (G, τ ) is said to be maximally almost periodic, if the topology τ+ is Hausdorff. The assignment
(G, τ ) → (G, τ+) is a functor from the category of all topological groups to the subcategory of all totally bounded groups. It
sends maximally almost periodic groups to precompact groups.
If H is a family of characters of an abelian group G , then the family {UG(χ1, . . . ,χn; δ): δ > 0, χi ∈ H, i = 1, . . . ,n},
taken as a pre-base of the ﬁlter of neighborhoods of 0, generates of a group topology TH on G . This is the coarsest
group topology on G that makes every character from H continuous. One calls TG∗ Bohr topology of G . It follows from
Example 2.1 that all group topologies of the form TH on G are totally bounded. So in particular, PG  TG∗ (see also Corol-
lary 3.6).
We say that the characters of H separate the points of G iff for every x ∈ G , x 	= 0, there exists a character χ ∈ H with
χ(x) 	= 1. Clearly, the characters of H separate the points of G iff TH is Hausdorff. In such a case, TH coincides with
the topology induced by the natural embedding G ↪→ TH . The next proposition summarizes some of the above com-
ments:
Proposition 3.4. Let G be an abelian group.
(a) All topologies of the form TH , where H  G∗ , are totally bounded.
(b) TH is precompact iff H separates the points of G. In particular, TG∗ is precompact.
Proof. (a) follows from Example 2.1. For the second assertion in (b) observe that G∗ separates the points of G . 
It requires a considerable effort to prove that, conversely, every totally bounded group topology has the form TH for
some H (see Theorem 5.2). At this stage we can prove it only for PG . In order to do this we need the following corollary of
Følner’s lemma providing also an internal description of the neighborhoods of 0 in the Bohr topology of A.
Corollary 3.5. For a subset E of an abelian group A the following are equivalent:
(a) E contains V (8) for some big subset V of A;
(b) for every n ∈ N+ , E contains V (2n) for some big subset V of A;
(c) E is a neighborhood of 0 in the Bohr topology of A.
Proof. The implication (a) ⇒ (c) follows from Følner’s lemma. The implication (c) ⇒ (b) follows from Proposition 3.4. 
So far we have only the inequality PG  TG∗ between the ﬁnest totally bounded group topology PG and the Bohr
topology TG∗ of an abelian group (the latter is precompact, by item (b) of Proposition 3.4). The equivalence of items (a)
and (c) of Corollary 3.5 proves that these two topologies coincide.
Corollary 3.6. For an abelian group G the Bohr topology TG∗ coincides with the ﬁnest precompact group topology PG .
The following old problems concerning the group Z is still open (see Cotlar and Ricabarra [6], Ellis and Keynes [9],
Følner [12], Glasner [14] or Pestov [24, Question 1025]):
Question 3.7. Does there exist a big set V ⊆ Z such that V − V is not a neighborhood of 0 in the Bohr topology of Z?
It is known that every inﬁnite abelian group G admits a big set with empty interior with respect to the Bohr topology [1]
(more precisely, these authors prove that every totally bounded group has a big subset with empty interior).
It is easy to see that (̂G, τ ) = ̂(G, τ+) for every topological abelian group (G, τ ). Actually, the group G admits a “univer-
sal” precompact continuous surjective homomorphic image q :G → G+:
Proposition 3.8. For a topological group (G, τ ) denote by G+ the quotient group G/{0}τ+ of (G, τ+). Then G+ is precompact and ev-
ery continuous homomorphism f :G → P , where P is a precompact group, factors through the canonical homomorphism q :G → G+ .
Proof. The precompactness of G+ is obvious. If f :G → P is a continuous homomorphism, where P is a totally bounded
group, then f factors through the identity homomorphism idG : (G, τ ) → (G, τ+). In case P is precompact, then the continu-
ous homomorphism f : (G, τ+) → P factors uniquely through the canonical homomorphism q :G → G+ as f ({0}τ+ ) = 0. 
It can be easily deduced from of the above proposition, that the assignment G → G+ is a functor from the category of
all topological groups to the subcategory of all precompact groups, namely the composition of the functor (G, τ ) → (G, τ+)
and the canonical T0-reﬂector G → G/{0}.
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Theorem 3.9. Every topological group G admits a compact group bG and a continuous homomorphism bG :G → bG of G with dense
image, such that for every continuous homomorphism f :G → K into a compact group K there exists a (unique) continuous homo-
morphism f ′ :bG → K with f ′ ◦ bG = f .
The compact group bG and the homomorphism bG :G → bG from the above theorem are called Bohr compactiﬁcation
of the topological group G . Clearly, the assignment G → bG is a functor from the category of all topological groups to
the subcategory of all compact groups. In some sense the Bohr compactiﬁcation of a topological group G is the compact
group bG that best approximates G in the sense of Theorem 3.9.
The terms Bohr topology and Bohr compactiﬁcation have been chosen as a reward to Harald Bohr for his work [3]
on almost periodic functions closely related to the Bohr compactiﬁcation (see Theorems 6.6 and 6.9). Otherwise, Bohr
compactiﬁcation is due to A. Weil. More general results were obtained later by Holm [17] and Prodanov [26].
4. Prodanov’s lemma and a ﬁrst applications to independence of characters
4.1. Prodanov’s lemma
The next lemma is due to Prodanov [27]. In [8, Lemma 1.4.1] it is proved for abelian groups G that carry a topology τ
such that for every g ∈ G and n ∈ Z the functions x → x+ g and x → nx are continuous in (G, τ ). The fact that this topology
is not assumed to be Hausdorff will be crucial in the applications of the lemma.
Lemma 4.1 (Prodanov’s lemma). Let G be a topological abelian group, let U be an open subset of G, f a complex-valued continu-
ous function on U and M a convex closed subset of C. Let k ∈ N+ and χ1, . . . ,χk ∈ G∗ . Suppose that c1, . . . , ck ∈ C are such that∑k
j=1 c jχ j(x) − f (x) ∈ M for every x ∈ U . If {χ1, . . . ,χn} = {χ1, . . . ,χk} ∩ Ĝ , with n  k, then
∑n
i=1 ciχi(x) − f (x) ∈ M for ev-
ery x ∈ U .
Proof. If all characters χ1, . . . ,χn are continuous there is nothing to prove. Assume that χk ∈ G∗ is discontinuous. Then
there exists a net {xγ }γ in G such that limγ xγ = 0 and there exist y j = limγ χ j(xγ ) (so |y j| = 1) for all j = 1, . . . ,k, but
yk 	= 1. Moreover, y j = limγ χ j(xγ ) = 1 when χ j is continuous.
Consider
∑k
j=1 c jχ j(x + txγ ) − f (x + txγ ), where t ∈ Z. Since limγ xγ = 0, we have x + txγ ∈ U for every x ∈ U and
for every suﬃciently large γ . Thus
∑k
j=1 c jχ j(x)χ j(xγ )t − f (x + txγ ) ∈ M and so passing to the limit
∑k
j=1 c jχ j(x)ytj −
f (x) ∈ M , because f is continuous and M is closed.
Take an arbitrary n ∈ N. By the convexity of M , for t = 0, . . . ,n, we obtain
1
n + 1
n∑
t=0
(
k∑
j=1
c jχ j(x)y
t
j − f (x)
)
∈ M.
Then
∑n
t=0 ytk =
yn+1k −1
yk−1 because yk 	= 1. Hence
∑k−1
j=1 c jnχ j(x) + ck1+n
1−yn+1k
1−yk χk(x) − f (x) ∈ M for all x ∈ U , where c jn =∑n
t=0 c j ytj
n+1 . Now for every j = 1,2, . . . ,k − 1
• |c jn| |c j|
∑n
t=0 |y j |t
n+1 = |c j| (because |y j| = 1), and• if y j = 1 then c jn = c j .
By the boundedness of the sequences {c jn}∞n=1 for j = 1, . . . ,k − 1, there exists a subsequence {nm}∞m=1 such that all limits
c′j = limm c jnm exist for j = 1, . . . ,k − 1. On the other hand, |yk| = 1, so
lim
n
ck
n+ 1 ·
1− yn+1k
1− yk = 0.
Taking the limit for m → ∞ in
k−1∑
j=1
c jnmχ j(x) +
ck
1+ nm ·
1− ynm+1k
1− yk χk(x) − f (x) ∈ M
gives
k−1∑
j=1
c′jχ j(x) − f (x) ∈ M for x ∈ U ; (1)
moreover c′ = c j for every j = 1, . . . ,k − 1 such that χ j is continuous.j
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cients of the continuous characters remain the same. Iterating this procedure, we can remove all discontinuous characters
among χ1, . . . ,χk leaving unchanged the coeﬃcients of the continuous ones. 
This lemma allows to “produce continuity out of nothing” in the process of approximation.
Corollary 4.2. Let G be a topological abelian group, f ∈ C(G) and ε > 0. If ‖∑kj=1 c jχ j − f ‖ ε for some k ∈ N+ , χ1, . . . ,χk ∈ G∗
and c1, . . . , ck ∈ C, then also ‖∑si=1 cmiχmi − f ‖ ε, where {χm1 , . . . ,χms } = {χ1, . . . ,χn} ∩ Ĝ , with m1 < · · · <ms.
In particular, if f =∑kj=1 c jχ j for some k ∈ N+ , χ1, . . . ,χk ∈ G∗ and c1, . . . , ck ∈ C, then also f =∑si=1 cmiχmi where{χm1 , . . . ,χms } are the continuous characters in the linear combination. In other words, C(G) ∩ X(Gd) coincides with the
C-subalgebra X(G) of B(G) generated by Ĝ . For further use in the sequel we isolate also the following equality C(G) ∩
X(Gd) = X(G), i.e.,
Corollary 4.3. C(G) ∩ A(Gd) = A(G) for every topological abelian group G.
In other words, as far as continuous functions are concerned, in the deﬁnition of A(G) it is irrelevant whether one
approximates via (linear combinations of) continuous or discontinuous characters.
4.2. Local forms of Stone–Weierstraß theorem
Theorem 4.4 (Stone–Weierstraß theorem). Let X be a compact topological space. A C-subalgebra A of C(X) containing all constants
and closed under conjugation is dense in C(X) for the norm ‖ ‖ if and only if A separates the points of X .
We shall need in the sequel the following local form of Stone–Weierstraß theorem.
Corollary 4.5. Let X be a compact topological space and f ∈ C(X). Then f can be uniformly approximated by a C-subalgebra A
of C(X) containing all constants and closed under the complex conjugation if and only if A separates the points of X separated by
f ∈ C(X).
Proof. Denote by G : X → CA the diagonal map of the family {g: g ∈ A}. Then Y = G(X) is a compact subspace of CA and
by the compactness of X , its subspace topology coincides with the quotient topology of the map G : X → Y . The equivalence
relation ∼ in X determined by this quotient is as follows: x ∼ y for x, y ∈ X if and only if G(x) = G(y) (if and only if
g(x) = g(y) for every g ∈ A). Clearly, every continuous function h : X → C, such that h(x) = h(y) for every pair x, y with
x∼ y, can be factorized as h = h ◦G , where h ∈ C(Y ). In particular, this holds true for all g ∈ A and for f (for the latter case
this follows from our hypothesis). Let A be the C-subalgebra {h: h ∈ A} of C(Y ,C). It is closed under complex conjugation
and contains all constants. Moreover, it separates the points of Y . (If y 	= y′ in Y with y = G(x), y′ = G(x′), x, x′ ∈ X , then
x  x′ . So there exists h ∈ A with h(y) = h(x) 	= h(x′) = h(y′). Hence A separates the points of Y .) Hence we can apply
Stone–Weierstraß Theorem 4.4 to Y and A to deduce that we can uniformly approximate the function f by functions of A.
This produces uniform approximation of the function f by functions of A. 
Now we give an apparently topology-free local form of the Stone–Weierstraß theorem for subsets of an abelian group.
Proposition 4.6. Let G be an abelian group and H be a group of characters of G. If X is a subset of G and f is a complex-valued
bounded function on X then the following conditions are equivalent:
(a) f can be uniformly approximated on X by a linear combination of elements of H with complex coeﬃcients;
(b) for every ε > 0 there exist δ > 0 and χ1, . . . ,χm ∈ H such that x − y ∈ UG(χ1, . . . ,χm; δ) yields | f (x) − f (y)| < ε for every
x, y ∈ X.
Proof. (a) ⇒ (b) Let ε > 0. By (a) there exist c1, . . . , cm ∈ C and χ1, . . . ,χm ∈ H such that ‖∑mi=1 ciχi − f ‖ < ε4 , that is
|∑mi=1 ciχi(x) − f (x)| < ε4 for every x ∈ X .
On the other hand note that |∑mi=1 ciχi(x) − ∑mi=1 ciχi(y)|  ∑mi=1 |ci| · |χi(x) − χi(y)| and that |χi(x − y) − 1| =|χi(x)χi(y)−1 − 1| = |χi(x) − χi(y)|. If we take
δ = ε2mmaxi=1,...,m |ci |
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quently,
∣∣ f (x)− f (y)∣∣ ∣∣∣∣∣ f (x)−
m∑
i=1
ciχi(x)
∣∣∣∣∣+
∣∣∣∣∣
m∑
i=1
ciχi(x) −
m∑
i=1
ciχi(y)
∣∣∣∣∣+
∣∣∣∣∣
m∑
i=1
ciχi(y) − f (y)
∣∣∣∣∣< ε.
(b) ⇒ (a) Let βX be the Cˇech–Stone compactiﬁcation of X endowed with the discrete topology. If F : X → C is bounded,
there exists a unique continuous extension F β of F to βX . Let S be the collection of all continuous functions g on βX
such that g =∑nj=1 c jχβj with χ j ∈ H , c j ∈ C and n ∈ N+ . Then S is a subalgebra of C(βX,C) closed under conjugation
and contains all constants. In fact in S we have χβk χβj = (χkχ j)β by deﬁnition and χβ = (χ)β because χχ = 1 and so
(χχ)β = χβ(χ)β = 1, that is (χ)β = (χ−1)β = χβ .
Now we will see that S separates the points of βX separated by f β , in order to apply the local Stone–Weierstraß
Corollary 4.5. Let x, y ∈ βX and f β(x) 	= f β(y). Consider two nets {xi}i and {yi}i in X such that xi → x and yi → y. Since
f β is continuous, we have f β(x) = lim f (xi) and f β(y) = lim f (yi). Along with f β(x) 	= f β(y) this implies that there exists
ε > 0 such that | f (xi) − f (yi)|  ε for every suﬃciently large i. By the hypothesis there exist δ > 0 and χ1, . . . ,χk ∈ H
such that for every u, v ∈ X if u− v ∈ UG (χ1, . . . ,χk; δ) then | f (u)− f (v)| < ε. Assume χβj (x) = χβj (y) holds true for every
j = 1, . . . ,k. Then xi − yi ∈ UG(χ1, . . . ,χk; δ) for every suﬃciently large i, and this contradicts (a). So each pair of points
of βX separated by f β is also separated by S . Since βX is compact, one can apply the local version of the Stone–Weierstraß
Corollary 4.5 to S and f β and so f β can be uniformly approximated by S . To conclude note that if g =∑ c jχβj on βX
then gX =∑ c jχ j . 
The reader familiar with uniform spaces will note that item (b) is nothing else but TH -uniform continuity of f .
The use of the Cˇech–Stone compactiﬁcation in the above proof is inspired by Nobeling and Beyer [23] who proved that
if S is a subalgebra of B(X), for some set X , containing the constants and stable under conjugation, then g ∈ B(X) belongs
to the closure of S with respect to the norm topology if and only if for every net (xα) in X the net g(xα) is convergent
whenever the nets f (xα) are convergent for all f ∈ S .
4.3. Independence of characters
We apply now Prodanov’s lemma for indiscrete G . Note that for U and f as in that lemma, this yields U = G and f is
necessarily a constant function.
Corollary 4.7. Let G be an abelian group, g ∈ X0(G) and M be a closed convex subset of C. If g(x) − c ∈ M for some c ∈ C and for
every x ∈ G, then c ∈ M.
Proof. Assume that g(x) =∑kj=1 c jχ j(x) for some c1, . . . , ck ∈ C and non-constant χ1, . . . ,χk ∈ G∗ . Apply Lemma 4.1 with G
indiscrete, U = G and f the constant function c. Since all characters χ1, . . . ,χk are discontinuous, we conclude c ∈ M with
Lemma 4.1. 
Taking as M the closed disk with center 0 and radius ε > 0 we obtain the following corollary:
Corollary 4.8. Let G be an abelian group, g ∈ X0(G) and ε > 0. If ‖g(x)+ c‖ ε for some c ∈ C, then |c| ε.
Using this corollary we shall see now that for an abelian group G the characters G∗ not only span X(G) as a base, but
they have a much stronger independence property (see Corollary 4.11 and the preceding text).
Corollary 4.9. If G is an abelian group and χ0,χ1, . . . ,χk ∈ G∗ are distinct characters, then ‖χ0 − ∑kj=1 c jχ j‖  1 for every
c1, . . . , ck ∈ C.
Proof. Let ε = ‖∑kj=1 c jχ j−χ0‖. By our assumption ξ j = χ jχ−10 is non-constant for every j = 1,2, . . . ,n. So our assumption
and the choice of ε yield g =∑mj=1 c jξ j ∈ X0 and ‖g(x) − 1‖ = ‖∑mj=1 c jχ jχ−10 − 1‖  ε. Then |1|  ε by the previous
corollary. 
Clearly, 12 can be replaced by any constant < 1 in the next corollary.
Corollary 4.10. Let G be an abelian group and χ ∈ G∗ such that there exist k ∈ N+ , χ1, . . . ,χk ∈ H and c1, . . . , ck ∈ C such that
‖∑kj=1 c jχ j(x) − χ(x)‖ 1 . Then χ = χi for some i.2
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holds: for every χ ∈ G∗ the C-hyperspace of X(G) spanned by G∗ \ {χ} is closed. In particular:
Corollary 4.11. X0(G) is a closed C-hyperspace of X(G) for every abelian group G.
Corollary 4.12. Let G be an abelian group. Then H = ̂(G,TH ) for every H  G∗ .
Proof. Obviously, H ⊆ ̂(G,TH ). Now let χ ∈ ̂(G, τH ). For every ﬁxed ε > 0 the set O = {a ∈ S: |a − 1| < ε} is an open
neighborhood of 1 in S. Hence there exist χ1, . . . ,χm ∈ H and δ > 0 such that χ(UG(χ1, . . . ,χm; δ)) ⊆ O . Now, if x − y ∈
UG(χ1, . . . ,χm; δ) then χ(x− y) ∈ O , so |χ(x)χ−1(y)−1| < ε. So |χ(x)−χ(y)| < ε. In other words, χ satisﬁes condition (b)
of Proposition 4.6 applied for X = G . Hence there exist distinct χ1, . . . ,χm ∈ H and c1, . . . , cm ∈ C such that ‖∑mj=1 c jχ j(x)−
χ(x)‖ 12 . By Corollary 4.10 this yields χ = χi for some i, hence χ ∈ H . 
5. Peter–Weyl’s theorem and Pontryagin–van Kampen duality theorem
Here we give further applications of Prodanov’s lemma towards obtaining an elementary proof of Følner’s theorem and
consequently Peter–Weyl’s theorem, Comfort and Ross’s theorem.
5.1. Følner’s theorem
Again, this theorem can be proved for abelian groups G endowed with a topology such that for every g ∈ G and every
n ∈ Z, the functions x → g + x and x → nx on G are continuous [8, Theorem 1.4.3].
Theorem 5.1 (Følner’s theorem). Let G be a topological abelian group. If k is a positive integer and E is a k-big subset of G, then for
every neighborhood U of 0 in G there exist χ1, . . . ,χm ∈ Ĝ , where m = k2 , and δ > 0 such that
UG(χ1, . . . ,χm; δ) ⊆ U − U + E(8). (1)
Proof. By Lemma 2.3, there exist ϕ1, . . . , ϕm ∈ G∗ such that UG(ϕ1, . . . , ϕm; π2 ) ⊆ E(8) , where the characters ϕ j can be
discontinuous. Using Prodanov’s lemma, we intend to replace these characters by continuous ones “enlarging” E(8) to
U − U + E(8) .
Clearly, C := E(8) + U ⊆ E(8) + U − U . Consider the open set X = U ∪ (G \ C) and the continuous function f : X → C
deﬁned by
f (x) =
{
0 if x ∈ U ,
1 if x ∈ G \ C .
Let H be the subgroup of G∗ generated by ϕ1, . . . , ϕm . Take x, y ∈ X with x− y ∈ UG(ϕ1, . . . , ϕm; π2 ) ⊆ E(8) . So if y ∈ U then
x ∈ E(8) + U and consequently x /∈ G \ E(8) + U , that is x ∈ U . Analogously, x ∈ U yields y ∈ U . Thus f (x) = f (y) whenever
x− y ∈ UG(ϕ1, . . . , ϕm; π2 ) ⊆ E(8) . So by Proposition 4.6 one can uniformly approximate f on X by characters from H . Hence
one can ﬁnd products ξ J˜ = ϕ j11 · · · · · ϕ jmm , with j˜ = ( j1, . . . , jm) ∈ Zm and c J˜ ∈ C such that |
∑
J˜ cJ˜ξ J˜(x) − f (x)| 13 for every
x ∈ X . Letting x = 0 gives |∑J˜ cJ˜| 13 , and consequently,
2
3

∣∣∣∣∑
J˜
c J˜ − 1
∣∣∣∣. (2)
Since X is open and f is continuous, applying Lemma 4.1 to the convex closed set M = {z ∈ C: |z| 13 }, we may assume
that all characters ξ J˜ are continuous.
Since the group H is m-generated, its subgroup Φ = H ∩ Ĝ of H has at most m generators χ1, . . . ,χm ∈ Φ . Thus,
ξ J˜ = χ s1(J˜)1 · · · · · χ sm(J˜)m with appropriate s1(J˜), . . . , sm(J˜) ∈ Z. Choose ε > 0 with ε
∑
J˜ |cJ˜| < 13 . There exists δ > 0 such that
|ξ J˜(x)− 1| ε for all summands ξ J˜ whenever x ∈ UG(χ1, . . . ,χm; δ). We claim that (1) holds for this δ. Indeed, assume that
there exists x ∈ UG(χ1, . . . ,χm; δ) \ (U − U + E(8)). Then x ∈ G \ C , and the deﬁnition of f gives f (x) = 1, so∣∣∣∣∑
J˜
c J˜ − 1
∣∣∣∣ ∣∣∣∣∑
J˜
c J˜
(
1− ξ J˜(x)
)∣∣∣∣+ ∣∣∣∣∑
J˜
c J˜ξJ˜(x) − f (x)
∣∣∣∣ ∑
J˜
|c J˜| +
1
3
<
2
3
,
which contradicts (2). This proves (1). 
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positively deﬁned functions. Cotlar and Ricabarra [6] use mean values and Krein–Mil’man’s theorem to obtain a similar
result: for an abelian topological group G and x ∈ G \ {0} there exists χ ∈ Ĝ with χ(x) 	= 1 if and only if there exists a big
neighborhood U of 0 such that x /∈ U (6) .
5.2. Peter–Weyl’s theorem and precompact group topologies on abelian groups
In this subsection we prove Peter–Weyl’s theorem using Følner’s theorem. Moreover, we use Prodanov’s lemma (via
Corollary 4.12) to prove Comfort–Ross’ theorem [5] describing the precompact topologies of the abelian groups.
The next theorem characterizes the precompact topologies on abelian groups.
Theorem 5.2. Let (G, τ ) be an abelian group. The following conditions are equivalent:
(a) τ is precompact;
(b) there exists a group H of continuous characters of G that separates the points of G and such that τ = TH .
Proof. (b) ⇒ (a) was already proved in Proposition 3.4.
(a) ⇒ (b) If H = (̂G, τ ) then TH ⊆ τ . Let U and V be open neighborhoods of 0 in (G, τ ) such that V (10) ⊆ U . Then V is
big and by Følner’s Theorem 5.1 there exist continuous characters χ1, . . . ,χm of G such that UG(χ1, . . . ,χm; δ) ⊆ V (10) ⊆ U
for some δ > 0. Thus U ∈ TH and τ ⊆ TH . 
Corollary 5.3 (Peter–Weyl’s theorem). If G is a compact abelian group, then Ĝ separates the points of G.
Proof. Let τ be the topology of G . By Theorem 5.2 there exists a group H of continuous characters of G (i.e., H ⊆ Ĝ) such
that τ = TH . Since H ⊆ Ĝ we conclude that Ĝ separates the points of G . 
Corollary 5.4. If G is a compact abelian group, then G is isomorphic to a (closed) subgroup of the power TĜ .
Proof. Since the characters χ ∈ Ĝ separate the points of G , the diagonal map determined by all characters deﬁnes a con-
tinuous injective homomorphism G ↪→ TĜ . By the compactness of G and the open mapping theorem, this is the required
embedding. 
Corollary 5.5. If G is compact, then C(G) ⊆ A(G).
Proof. Stone–Weierstraß theorem and Peter–Weyl’s theorem imply that every f ∈ C(G) can be uniformly approximated by
linear combinations, with complex coeﬃcients, of characters of G when G is compact, i.e. C(G) ⊆ A(G). 
In the sequel w(G) and χ(G) will denote the weight and the character, respectively, of a topological group G .
Theorem5.6 (Comfort and Ross). Let G be an abelian group. Then themap H
T→ TH is an order preserving bijection between subgroups
H  G∗ and totally bounded group topologies on G. Moreover, w(G,TH ) = χ(G,TH ) = |H|. In particular, TH is metrizable iff H is
countable.
Proof. Theorem 5.2 yields that TH is totally bounded and T is surjective. By Corollary 4.12, TH1 = TH2 for H1, H2 ∈ H yields
H1 = H2. Therefore, T is a bijection.
Since TH is the initial topology of G with respect to the diagonal map G → TH , χ(G,TH ) w(G,TH ) w(TH ) = |H|. To
check κ := χ(G,TH ) |H|, pick a base B of the neighborhoods at 0 of TH of size κ . By the deﬁnition of TH , every element
B ∈ B can be written as B = UG(χ1,B , . . . ,χnB ,B;1/mB), where nB ,mB ∈ N and χi,B ∈ H for i = 1, . . . ,nB . Then the subset
H ′ = {χi,B : B ∈ B, i = 1, . . . ,nB} of H has |H ′| κ and T〈H ′〉 = TH . So, 〈H ′〉 = H . Hence |H| = |H ′| κ . 
5.3. Pontryagin–van Kampen duality theorem and structure of the locally compact abelian groups
Here we give a complete proof of Pontryagin–van Kampen duality theorem [25,18] in the case of discrete and com-
pact groups (see Remarks 5.10 and 5.14 for the general case). To this end we need the following immediate corollary of
Theorem 5.6.
Corollary 5.7. If (G, τ ) is a compact abelian group and H  Ĝ separates the points of G, then H = Ĝ .
Proof. τ = TĜ by Theorem 5.2. Since TH ⊆ TĜ and TH is Hausdorff by Theorem 5.6, then TH = TĜ by the compactness
of TĜ . Now again Theorem 5.6 yields H = Ĝ . 
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Proof. First, notice that for both discrete and compact G the group Ĝ separates the points of G – in the compact case this
follows from Peter–Weyl’s theorem. Thus, for any x 	= 0 in G there exists χ ∈ Ĝ with χ(x) 	= 1, so ωG(x)(χ) = χ(x) 	= 1, so
ωG(x) 	= 1. Thus, ωG is injective for both discrete and compact G .
If G is discrete, then for the compact group K = Ĝ the subgroup ωG(G) of K̂ = Ĝ separates the points of K , so by the
above corollary ωG(G) = Ĝ . Thus, ωG is an isomorphism in this case.
Now assume that G is compact. Since in this case the compact-open topology coincides with the pointwise convergence
one, it suﬃces to note that for a ﬁxed element χ ∈ Ĝ and an open neighborhood U of 1 in T the set W = χ−1(U ) is an
open neighborhood of 0 in G and ωG(W ) ⊆ WĜ(χ,U ). This proves that ωG is continuous. By the compactness of G the
subgroup K = ωG(G) of Ĝ is closed and ωG :G → K is a topological isomorphism. So, it suﬃces to see that K = Ĝ . Suppose
for a contradiction that K 	= Ĝ . By Peter–Weyl’s theorem applied to the compact group Ĝ/K , there exists a non-zero ξ ∈ ̂̂G
such that ξ(K ) = 0. Since Ĝ is discrete, by the case considered above ωĜ : Ĝ → ̂̂G is an isomorphism. Thus there exists χ ∈ Ĝ
such that ξ = ωĜ(χ). Now for every x ∈ G one has ωG(x) ∈ K , thus
0= ξ(ωG(x))= ωĜ(χ)(ωG(x))= ωG(x)(χ) = χ(x).
Hence χ = 0 and consequently, ξ = 0, a contradiction. 
The following corollary complements the properties of the order preserving bijection H
T→ TH described in Theorem 5.6.
By Theorem 5.2, TH is Hausdorff iff H separates the points of G .
Corollary 5.9. Let G be an abelian group. Then a subgroup H  G∗ separates the points of G iff H is dense in G∗ .
Proof. Note that H 	= G∗ if and only if the quotient group G∗/H is non-trivial. By Corollary 5.3, this is equivalent to the
existence of ξ ∈ Ĝ∗ \ {0} with ξ  H = 0. As Ĝ∗ = ωG(G) by Theorem 5.8, this is equivalent to the existence of x ∈ G \ {0}
such that χ(x) = 0 for all χ ∈ H , i.e., H does not separate the points of G . 
The non-symmetry in Theorem 5.8, due to the fact that (the restriction of) the duality functor does not have the same
domain and co-domain has an easy remedy. One can take the larger class L0 of locally compact abelian groups that have an
open compact subgroup. It contains both discrete and compact groups and for G ∈ L0 also Ĝ ∈ L0, i.e., the duality functor
sends L0 to itself.
Remark 5.10. One can extend Theorem 5.8 to L0. To this end one needs the following properties.
(a) It can be deduced from Corollary 5.7 that if G ∈ L and K is a compact subgroup of G , then for the inclusion
map j : K ↪→ G the dual homomorphism ĵ : Ĝ → K̂ is surjective, i.e., every continuous character χ : K → T extends to a
continuous character of G . Obviously, the same conclusion remains true when K is an open subgroup of G .
(b) The homomorphisms ωG provide a natural transformation between the identity of L and .̂
Using (a), (b) and Theorem 5.8, one can prove that ωG :G → Ĝ is an isomorphism for every G ∈ L0.
The next lemma is a necessary step in the proof of Theorem 5.12 that describes, to a certain extent, the structure of the
locally compact abelian groups.
Lemma 5.11. Let G be a locally compact abelian group such that the subgroup 〈x〉 generated by x is dense in G for some x ∈ G. Then G
is either discrete or compact.
Proof. Let x ∈ G be such that 〈x〉 is dense in G . If the topology induced on 〈x〉 is discrete, then G = 〈x〉 is discrete.
Assume that the topology induced on 〈x〉 by G is not discrete. Then 〈x〉 is inﬁnite, so it is algebraically isomorphic to Z.
Identifying Z with 〈x〉, we may assume that Z ⊂ G and Z is a dense subgroup of G .
We will now show that Z is precompact in the induced topology. First, notice that every non-empty open subset of Z
contains arbitrarily large integers. Indeed, otherwise, there would exist a neighborhood U of 0 in Z having a maximal
element, and then U ∩ (−U ) would be ﬁnite; a contradiction.
Let U be a compact neighborhood of 0 in G . We will show that U ∩ Z is big in Z, i.e. U ∩ Z + F = Z for some ﬁnite
F ⊂ Z.
Let V be a neighborhood of 0 in G with V − V ⊂ U . Since U is compact, there exist g1, g2, . . . , gm ∈ G with
U ⊂
m⋃
(g j + V ).
j=1
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n j > 0 with n j ∈ g j + V . Then g j ∈ n j − V for each j, so
U ⊂
m⋃
j=1
(g j + V ) ⊂
m⋃
j=1
(n j + V − V ) ⊂
m⋃
j=1
(n j + U ),
and therefore
U ∩ Z ⊂
m⋃
j=1
(n j + U ∩ Z). (3)
Setting N =max{n1,n2, . . . ,nm} and F = {1,2, . . . ,N}, we will now show that Z = U ∩Z+ F , which will complete the proof
of the lemma. Given t ∈ Z, since U ∩ Z contains arbitrary large integers, s0 = min{s ∈ U ∩ Z: s  t} is well deﬁned and
s0  t . Then (3) implies s0 = n j + u0 for some j = 1, . . . ,m and some u0 ∈ U ∩ Z. Since u0 = s0 − n j < s0 and u0 ∈ U ∩ Z,
we must have u0 < t  s0. Thus, t = k+ u0 for some integer k = 1,2, . . . ,n j , so t ∈ U ∩Z+{k} ⊂ U ∩Z+ F . This proves that
Z = U ∩ Z + F . 
We say that a topological group G is compactly generated if there exists a compact subset K of G such that G coincides
with the subgroup generated by K . If G ∈ L0 is compactly generated, then G has a compact-open subgroup K . The quotient
G/K is discrete and compactly generated, so ﬁnitely generated. Hence, G/K ∼= Zn × F for some n ∈ N and some ﬁnite
abelian group F . Hence G has an open compact subgroup N containing K such that N/K ∼= F and G/N ∼= Zn , consequently
G ∼= N × Zn . Now we see that an appropriate counterpart of this property remains true for arbitrary compactly generated
locally compact abelian groups.
Theorem 5.12. Every compactly generated locally compact abelian group has a discrete subgroup H ∼= Zn for some n ∈ N and such
that G/H is compact.
Proof. Suppose ﬁrst that there exist g1, . . . , gm ∈ G such that G = 〈g1, . . . , gm〉. We proceed by induction. For m = 1 apply
Lemma 5.11: if G is inﬁnite and discrete take H = G and if G is compact H = {0}. Suppose now that the property holds
for some m  1 and G = 〈g1, . . . , gm+1〉. If every 〈gi〉 is compact, then so is G and we can take H = {0}. If 〈gm+1〉 is dis-
crete, consider the canonical projection π :G → G1 = G/〈gm+1〉. Since G1 has a dense subgroup generated by m elements,
by the inductive hypothesis there exists a discrete subgroup H1 of G1 such that H1 ∼= Zn and G1/H1 is compact. There-
fore H = π−1(H1) is a closed countable subgroup of G . Thus H is locally compact and countable, hence discrete. Since
H/〈gm+1〉 ∼= Zn , we conclude that H ∼= Zn+1. Now G/H ∼= G1/H1, so G/H is compact.
Now consider the general case. There exists a compact subset K of G that generates G . Replacing K by (K +U )− (K +U )
for some compact neighborhood U of 0, we may assume that K is a compact symmetric neighborhood of 0 in G . Then K +K
is compact too, so there exists a ﬁnite F ⊂ G with K + K ⊂ K + F . The latter inclusion easily implies G = 〈F 〉 + K , so G/〈F 〉
is compact. By the above argument, there exists a discrete subgroup H of 〈F 〉 isomorphic to Zn for some n ∈ N and such
that 〈F 〉/H is compact. Therefore, G/H is compact as well. 
One can prove that a general compactly generated locally compact abelian group has the form N×Zn×Rm , with n,m ∈ N
and N compact (see [8,16,15,21]).
Using Peter–Weyl’s theorem and Theorem 5.12, one obtains the following counterpart of Peter–Weyl theorem for locally
compact abelian groups:
Theorem 5.13. If G is a locally compact abelian group, then Ĝ separates the points of G.
Proof. Let x ∈ G \ {0} and let V be a compact neighborhood of 0 in G . Then G1 = 〈V ∪ {x}〉 is an open compactly generated
subgroup of G . In particular G1 is locally compact. By Theorem 5.12 there exists a discrete subgroup H of G1 such that
H ∼= Zm for some m ∈ N and G1/H is compact. In particular, ⋂n∈N+ nH = {0} and so there exists n ∈ N+ such that x /∈ nH .
Since H/nH is ﬁnite, the quotient G2 = G1/nH is compact. Consider the canonical projection π :G1 → G2 and note that
π(x) = y 	= 0 in G2. By Corollary 5.3 there exists ξ ∈ Ĝ such that ξ(y) 	= 0. Consequently χ = ξ ◦ π ∈ Ĝ1 and χ(x) 	= 0.
Since T is divisible, there exists χ ∈ Ĝ such that χG1 = χ . Since G1 is an open subgroup of G , this extension will be
continuous. 
This theorem ensures one of the main steps in the proof of Pontryagin–van Kampen duality theorem in the general case
of a locally compact abelian group G , namely the injectivity of the homomorphism ωG :G → Ĝ .
Remark 5.14. The above mentioned injectivity of ωG is necessary to extend Theorem 5.8 to the whole class L. To this end,
beyond (a) and (b) from Remark 5.10, one needs also the following facts [8,16,21]:
1956 D. Dikranjan, L. Stoyanov / Topology and its Applications 158 (2011) 1942–1961(i) ωG is an isomorphism for all elementary locally compact abelian groups G (i.e., G ∼= Rm×Zn ×Td × F , where n,m,d ∈ N
and F is a ﬁnite abelian group).
(ii) Every compactly generated G ∈ L has a compact subgroup N such that G/N is an elementary locally compact abelian
group.
6. Almost periodic functions of the abelian groups
6.1. Two approaches to almost periodicity
For a group G a complex-valued function f ∈ B(G) is almost periodic1 if the orbit { fa: a ∈ G} is relatively compact in
the uniform topology of B(G) (i.e., if every sequence ( fan ) of translations of f has a subsequence that converges uniformly
in B(G)). Denote by A(G) the set of all almost periodic functions of the group G .
Fact 6.1. A(G) is a closed C-subalgebra of B(G) closed under the complex conjugation.
Proof. To check that A(G) is a C-vector subspace take two almost periodic functions f , g of G . We have to prove that
c1 f + c2g is an almost periodic function of G for every c1, c2 ∈ C. It suﬃces to consider the case c1 = c2 = 1 since c1 f
and c2g are obviously almost periodic functions. Then the closures K f = { fa: a ∈ G} and Kg = {ga: a ∈ G} taken in the
uniform topology of B(G) are compact. Hence K f + Kg is compact as well. Since ( f + g)a = fa + ga ∈ K f + Kg for every
a ∈ G , we conclude that f + g is almost periodic. A similar proof gives f g ∈ A(G). The stability of A(G) under the complex
conjugation is obvious.
To check that A(G) is closed assume that f ∈ B(G) can be uniformly approximated by almost periodic functions and pick
a sequence (g(m)) of almost periodic functions of G such that∥∥ f − g(m)∥∥ 1/m. (1)
Then for every sequence ( fan ) of translations of f one can inductively deﬁne a sequence of subsequences of (an) as follows.
For the ﬁrst one the subsequence (g(1)ank ) of the sequence (g
(1)
an ) uniformly converges in B(G). Then pick a subsequence anks
of ank such that the subsequence (g
(2)
anks
) of the sequence (g(2)ank ) uniformly converges in B(G), etc. Finally take a diagonal
subsequence aν , e.g., a1,an1 ,ank1 , . . . such that each subsequence an , ank , anks , etc. of an has a tail contained in the subse-
quence aν . Then for every m the sequence (g
(m)
aν ) uniformly converges in B(G). Therefore, by (1) also the sequence ( faν )
uniformly converges in B(G). 
One can consider this notion for a topological abelian groups G , without involving the topology of G . In other words, we
keep using the notation A(G) in this case too, but we intend A(G) := A(Gd).
We are now going to describe a different (internal) approach to almost periodic functions.
Deﬁnition 6.2. Let G be an abelian group, f :G → C a function. An element a ∈ G is called an ε-almost period of f for ε > 0
if ‖ f − fa‖ ε.
Let T ( f , ε) = {a ∈ G: a is an ε-almost period of f }. Then −T ( f , ε) = T ( f , ε) and T ( f , ε/2) + T ( f , ε/2) ⊆ T ( f , ε) for
all ε. This proves of the following:
Fact 6.3. If G is an abelian group and f :G → C is a function, then {T ( f , ε): ε > 0} is a ﬁlter-base of neighborhoods of 0 in
a group topology T f on G .
Now we use the group topology T f to ﬁnd an equivalent description of almost periodicity of f .
Proposition 6.4. Let G be an abelian group. Then for every function f :G → C the following are equivalent:
(a) f is almost periodic;
(b) T f is totally bounded.
Proof. Clearly, T f is totally bounded iff for every ε > 0 the set T ( f , ε) is big, i.e., for every ε > 0 there exist a1, . . . ,an ∈ G
such that G =⋃nk=1 ak + T ( f , ε).
1 This deﬁnition, in the case of G = R, is due to Bochner.
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T ( f , ε) − T ( f , ε) ⊆ T ( f ,2ε) is not big either. Hence one can build inductively a sequence (bn) in G such that the sets
bn + T ( f , ε) are pairwise disjoint. By the almost periodicity of f the sequence of translates ( fbm ) admits a subsequence
that is Cauchy w.r.t. the uniform topology of B(G). In particular, one can ﬁnd two distinct indexes n < m such that
‖ fbm − fbn‖ = ‖ fbm−bn − f ‖  ε, i.e., bm − bn ∈ T ( f , ε) ⊆ T ( f , ε) − T ( f , ε). Hence (bm + T ( f , ε)) ∩ (bn + T ( f , ε)) 	= ∅,
a contradiction.
(b) → (a) By the completeness of B(G), it suﬃces to check that every inﬁnite sequence of translates ( fbm ) of f admits
a subsequence that is Cauchy w.r.t. the uniform topology of B(G).
Assume for a contradiction that some sequence of translates ( fbm ) admits no Cauchy subsequence. That is, for every
subsequence ( fbmk ) there exists an ε > 0 such that for some subsequence mks of mk one has
‖ fbmks − fbmkt ‖ = ‖ fbmks −bmkt − f ‖ 2ε for all s 	= t. (2)
Since our hypothesis implies that T ( f , ε/2) is big, there exist a1, . . . ,an ∈ G such that G = ⋃nk=1 ak + T ( f , ε/2). Since
inﬁnitely many bmks will fall in the same ak + T ( f , ε/2) for some k, we deduce that for distinct s and t with bmks ,bmkt ∈
ak + T ( f , ε/2) one has
bmks − bmkt ∈ T ( f , ε/2) − T ( f , ε/2) ⊆ T ( f , ε), i.e., ‖ fbmks −bmkt − f ‖ ε.
This contradicts (2). 
The next example provides a large supply of almost periodic functions.
Example 6.5. Let G be an abelian group.
(a) If χ ∈ G∗ , then T (χ, ε) = {a ∈ G: |χ(a)−1| < ε} ⊇ UG(χ ; δ) for some δ, hence T (χ, ε) is big. Consequently, χ is almost
periodic.
(b) It follows from (a) and Fact 6.1 that every linear combination of characters is an almost periodic function, i.e.,
X(G) ⊆ A(G). Hence, A(G) = X(G) ⊆ A(G) by Fact 6.1.
6.2. Around Bohr–von Neumann theorem
The main aim of this subsection is to show that a bounded function f on an abelian group G is almost periodic if and
only if f can be uniformly approximated by linear combinations, with complex coeﬃcients, of characters of G .
Theorem 6.6 (Bohr–von Neumann theorem). A(G) = A(G) for every abelian group G.
Proof. The inclusion A(G) ⊆ A(G) was proved in Example 6.5 (b).
Assume f ∈ A(G). Fix an ε > 0. By Proposition 6.4 the set T ( f , ε/8) is big. Hence we can apply Corollary 3.5 to the
set T ( f , ε) containing T ( f , ε/8)(8) and ﬁnd χ1, . . . ,χn ∈ G∗ , δ > 0 such that UG (χ1, . . . ,χn; δ) ⊆ T ( f , ε). Now if x, y ∈ G
satisfy x − y ∈ UG (χ1, . . . ,χn; δ), then x − y ∈ T ( f , ε), so ‖ fx−y − f ‖ ε. In particular, | f (x) − f (y)| ε. Then f satisﬁes
condition (b) of Proposition 4.6 with H = G∗ . Hence f ∈ A(G). 
Note that Bohr–von Neumann theorem involves no topologies on the group G . For compact groups G , this theorem and
Corollary 5.5 give:
Corollary 6.7. Every continuous function on a compact abelian group is almost periodic.
Theorem 6.9 below characterizes the continuous almost periodic functions of a topological abelian group G as those
continuous functions that factorize through the Bohr compactiﬁcation bG :G → bG . We need ﬁrst the following
Remark 6.8. Let G be a topological abelian group. Consider the Bohr compactiﬁcation bG :G → bG and for every f ∈ B(bG)
let ρ( f ) = f ◦ bG . This deﬁnes a C-algebra homomorphism B(bG) → B(G) such that ρ(C(bG)) ⊆ C(G), ρ(A(bG)) ⊆ A(G)
and ρ((bG)∗) ⊆ G∗ . According to Theorem 3.9, the restriction ρb̂G : b̂G → Ĝ is an isomorphism. It can be extended to an
isomorphism of the C-algebras X(bG) and X(G) that preserves the norm.
Now we show that the isomorphism X(bG) → X(G) can be extended to the C-subalgebras of continuous almost periodic
functions:
Theorem 6.9. Let G be a topological abelian group. Then a continuous function f :G → C is almost periodic iff there exists a continu-
ous function f˜ :bG → C such that f = f˜ ◦ bG .
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lary 6.7, so f = ρ( f˜ ) ∈ A(G) by Remark 6.8.
Now assume that f ∈ A(G). Then by Theorem 6.6, f can be uniformly approximated by functions from X(Gd). According
to Corollary 4.3, we can assume that these functions are continuous, i.e., f can be uniformly approximated by functions
from X(G). Let (gα) be a net in X(G) uniformly converging to f . By Remark 6.8 there exists a net (g˜α) in X(bG), such that
gα = g˜α ◦ bG = ρ(g˜α) for every α. Then (g˜α) is a Cauchy net in B(bG) since the norm is preserved by the isomorphism ρ .
By the completeness of B(bG) there exists a limit f˜ ∈ B(bG) of (g˜α) and f˜ is continuous by the continuity of each g˜α .
Finally, f = ρ( f˜ ) follows from gα = ρ(g˜α) and the continuity of ρ . 
From this theorem it easily follows that a topological abelian group G is maximally almost periodic precisely when the
continuous almost periodic functions of G separate the points of G .
6.3. Invariant means for almost periodic functions
The aim of this section is to build an invariant mean for almost periodic functions in the following sense:
Deﬁnition 6.10. Let G be an abelian group. An invariant mean on A(G) is a linear functional
∫
: A(G) → C which is
(a) positive (i.e., if f ∈ A(G) is real-valued and f  0, then also ∫ f  0);
(b) invariant (i.e.,
∫
fa =
∫
f for every f ∈ A(G) and a ∈ G , where fa(x) = f (x+ a));
(c)
∫
1= 1.
To deﬁne the invariant mean we shall exploit the fact that, according to Bohr–von Neumann theorem, A(G) consists of all
uniform limits of linear combinations of characters of G , i.e., A(G) = X(G)B(G) . Of primary importance will be the invariant
subspace A0(G) = X0(G)B(G) of A(G). By Corollary 4.11, it is a closed hyperspace of A(G), hence A0(G) has co-dimension
one in A(G) and
A(G) = A0(G) ⊕ C · 1. (3)
This gives rise to a projection I : A(G) → C, f → I( f ), that turns out to be the invariant mean (see Theorem 6.13, this
explains the choice of the notation I).
The next lemma is crucial for two reasons. First, it shows that every invariant mean on A(G) must necessarily vanish
on A0(G), so this allows for the construction of the invariant mean as a linear functional A(G) → C that vanishes on A0(G).
On the other hand, it plays a key role also in the proof of the uniqueness of the invariant mean on A(G).
Lemma 6.11. If G is an abelian group and
∫
is an invariant mean on A(G), then:
(a)
∫
f = 0 for every f ∈ X0(G);
(b)
∫
: A(G) → C is continuous;
(c)
∫
f = 0 for every f ∈ A0(G).
Proof. (a) More generally, the invariance of
∫
gives
∫
ϕ(x)χ(x) = 0 when ϕ,χ ∈ G∗ and ϕ 	= χ . So ∫ ϕ(x) = 0 whenever
ϕ 	= 1.
(b) It follows easily from the positivity axiom that |∫ f |√2 · ‖ f ‖ for every f ∈ A(G). Hence, (uniform) continuity of ∫
can be derived from the inequality |∫ f − ∫ g| ∫ | f − g|√2 · ‖ f − g‖ for f , g ∈ A(G).
Now (c) follows from (a) and (b). 
The constant
√
2 in the inequality |∫ f |√2 · ‖ f ‖ established in the above proof may look somewhat unusual. Indeed, it
follows from Theorem 6.13 that there exists a unique invariant mean I on A(G) and I satisﬁes the inequality with constant 1
in place of
√
2.
The next lemma is needed for the proof of Theorem 6.13.
Lemma 6.12. Let G be an abelian group, g ∈ A0(G) and let M be a closed convex subset of C. If g(x) + c ∈ M for some c ∈ C and for
every x ∈ G, then c ∈ M.
Proof. Assume for contradiction that c /∈ M . Since M is closed there exists ε > 0 such that c /∈ M + D , where D is the closed
(so compact) ball with center 0 and radius ε. Let h ∈ X0(G) with ‖g − h‖  ε/2. Since M + D is still a closed convex set
of C and h(x) + c ∈ M + D , we conclude with Corollary 4.7 that c ∈ M + D , a contradiction. 
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all f ∈ A(G).
Proof. Obviously, I(1) = 1. To establish positivity of the linear functional f → I( f ), apply Lemma 6.12 to the closed convex
subset of C consisting of all non-negative real numbers.
To check invariance ﬁx a function f ∈ C(G). Let f = f0 + I( f ) ·1, with f0 ∈ A0(G). Since the action of G on C ·1 is trivial
and A0(G) is invariant, we get fa = ( f0)a + I( f ) · 1 with ( f0)a ∈ A0(G). Hence I( fa) = I( f ).
The last assertion is true if f = 0, since then I( f ) = 0 and there is nothing to prove. Assume f 	= 0 and let ε = ‖ f ‖.
Then ‖ f ‖ = ‖ f0 + I( f )‖ ε yields |I( f )| ε by Lemma 6.12.
To prove the uniqueness part, we have to see that for every invariant mean
∫
on A(G) one has
∫
f = I( f ) for every
f ∈ A(G). It follows from Lemma 6.11 and the deﬁnition of I , that ∫ f = I( f ) = 0 for every f ∈ A0(G). On the other hand,
by
∫
1= 1= I(1) and linearity, it follows that ∫ and I coincide on C · 1 too. Therefore, (3) yields ∫ = I . 
For a different proof of this theorem for arbitrary groups see [15, Theorems 18.8 and 18.9] or [19].
7. Haar integral of the locally compact abelian groups
Let G be a compact abelian group. A Haar integral on G is a linear functional
∫
:C(G) → C with the properties (a)–(c)
applied to functions f ∈ C(G). This makes sense since every continuous function on a compact abelian group is almost
periodic. In other words, a Haar integral on G is an invariant mean deﬁned only on the subalgebra C(G) of continuous
functions of G according to Theorem 6.13. This proves the existence part of the following
Theorem 7.1. For every compact abelian group G the assignment f → I( f ) ( f ∈ C(G)) deﬁnes a (unique) Haar integral on G.
Proof. The uniqueness of the Haar integral cannot be derived directly from Theorem 6.13 since the Haar integral is not
deﬁned for all almost periodic functions. Nevertheless, if
∫
:C(G) → C is a Haar integral on G , then one can still see
(arguing as in the proof of items (a) and (b) of Theorem 6.13) that
∫
vanishes on X0(G) and
∫
:C(G) → C is continuous.
From this one can conclude that
∫
vanishes on the closure C0(G) := A0(G) ∩ C(G) of X0(G) in B(G) as well. By (3), the
subspace C0(G) splits, i.e., C(G) = C0(G)⊕C ·1. Since both ∫ and I vanish on C0(G), while they obviously coincide on C ·1,
we deduce that
∫
coincides with the restriction of I on C(G). This ends up the proof of the uniqueness. 
Analogously, we can deﬁne a Haar integral on a locally compact (abelian) group G as follows. Denote by C0(G) the
space of all continuous complex-valued functions on G with compact support. A Haar integral on G is a linear functional I =∫
G :C0(G) → C such that:
(i)
∫
f  0 for any real-valued f ∈ C0(G) with f  0;
(ii)
∫
fa =
∫
f for any f ∈ C0(G) and any a ∈ G;
(iii) there exists f ∈ C0(G) with
∫
f 	= 0.
In the remaining part of this section we will show that every LCA group G admits a Haar integral
∫
G .
We begin with a simple property of Haar integrals that will be useful later on.
Lemma 7.2. Let I = ∫G be a Haar integral on a LCA group G. Then for any real-valued h ∈ C0(G) with h  0 on G and h(x) > 0 for at
least one x ∈ G we have I(h) > 0.
Proof. Let h ∈ C0(G) be a real-valued function such that h  0 on G and h(x0) > 0 for some x0 ∈ G . Then there exists a
neighborhood V of 0 in G such that h(x) a = h(x0)/2 for all x ∈ x0 + V .
By property (iii) of Haar integrals, there exists f ∈ C0(G) with I( f ) 	= 0. Then f = u + iv for some real-valued
u, v ∈ C0(G), so we must have either I(u) 	= 0 or I(v) 	= 0. So, without loss of generality we may assume that f is real-
valued. Setting f+(x) = max{ f (x),0}, x ∈ G and f−(x) = max{− f (x),0}, we get functions f+, f− ∈ C0(G) such that f+  0
and f−  0 on G and f = f+ − f− . Thus, either I( f+) 	= 0 or I( f−) 	= 0.
So, we may assume that f  0 and I( f ) 	= 0; then by (i) we must have I( f ) > 0. Since f ∈ C0(G), there exists a compact
K ⊂ G with f (x) = 0 on G \ K . So one can ﬁnd a ﬁnite F ⊂ G such that K ⊂ F + V . If A = maxx∈G f (x), then A > 0
and for every g ∈ F we have hx0−g(x)  a for all x ∈ g + V . Thus, f (x)  Aa
∑
g∈F hx0−g(x) for all x ∈ G , and therefore
0< I( f ) Aa |F |I(h), which shows that I(h) > 0. 
The following three lemmas are the main steps in the proof of existence of Haar integrals.
Lemma 7.3. If G is a discrete abelian group, then G admits a Haar integral.
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G
f =
∑
x∈G
f (x), f ∈ C0(G),
one checks easily that
∫
G is a Haar integral on G . 
Lemma 7.4. If G ∈ L and H is a closed subgroup of G such that both H and G/H admit a Haar integral, then also G admits a Haar
integral.
Proof. Let f ∈ C0(G). Then f yH ∈ C0(H) for every y ∈ G . Let F (y) =
∫
H f yH . Then F :G → C is a continuous function.
Indeed, let y0 ∈ G and ε > 0. There exists a compact K ⊂ G such that f = 0 on G \ K . Let U be an arbitrary compact
symmetric neighborhood of 0 in G . There exists h ∈ C0(G) such that 0  h(x)  1 for all x ∈ G and h(x) = 1 for all x ∈
y0 + U + K .
Since f is continuous and U + K is compact, there exists a symmetric neighborhood V of 0 in G such that V ⊂ U and∣∣ f (x)− f (y)∣∣ ε, x, y ∈ U + K , x− y ∈ V . (1)
We will now show that |F (y)− F (y0)| ε for all y ∈ y0 + V . Given y ∈ y0 + V let us ﬁrst check that∣∣ f (x− y)− f (x− y0)∣∣ εh(x), x ∈ G. (2)
Indeed, if x ∈ G is such that f (x − y) = f (x − y0) = 0, then (2) is obviously true. Assume that either f (x − y) 	= 0 or
f (x − y0) 	= 0. Then either x − y ∈ K or x − y0 ∈ K , so either x ∈ y + K ⊂ y0 + V + K or x ∈ y0 + K . In both cases
x ∈ y0 + U + K and x− y, x− y0 ∈ U + K . Moreover,
(x− y)− (x− y0) = y0 − y ∈ y0 − (y0 + V ) = V ,
so (1) and h(x) = 1 imply∣∣ f (x− y)− f (x− y0)∣∣ ε  εh(x).
This proves (2).
From (2) it follows that | f yH − f y0H | εhH , so∣∣F (y) − F (y0)∣∣ ∫
H
| f yH − f y0H | ε
∫
H
hH .
This proves the continuity of F at y0.
Next, for any x, y ∈ G with x− y ∈ H we have
F (x) =
∫
H
fxH =
∫
H
( f y)x−yH =
∫
H
f yH = F (y),
using the invariance of
∫
H in H . Then there exists a continuous function F˜ :G/H → C such that F = F˜ ◦ p, where
p :G → G/H is the natural projection. Moreover, F˜ ∈ C0(G/H).
Set
∫
G f :=
∫
G/H F˜ for any f ∈ C0(G). It is now easy to check that
∫
G is a Haar integral on G . Indeed, the linearity of
∫
G
follows from that of
∫
G/H and the fact that (α f1 + β f2)∼ = α F˜1 + β F˜2 for any α,β ∈ C and any f1, f2 ∈ C0(G). If f  0,
then F˜  0, too, so
∫
G =
∫
G/H F˜  0. To check invariance, notice that for any x ∈ G we have ( fx)∼ = ( F˜ )p(x) , so∫
G
fx =
∫
G/H
( fx)
∼ =
∫
G/H
( F˜ )p(x) =
∫
G/H
F˜ =
∫
G
f .
We will now show that
∫
G is non-trivial, i.e. it satisﬁes (iii). Take an arbitrary compact neighborhood U of 0 in G .
There exists a real-valued f ∈ C0(G) with f  0 on G such that f (x)  1 for all x ∈ U . Then f  1 on U ∩ H , so by
Lemma 7.2, F (0) = ∫H f  H > 0, which gives F˜ (0) > 0. Moreover f  0 implies F˜  0 on G/H , so using Lemma 7.2 again,∫
G f =
∫
G/H F˜ > 0.
Thus,
∫
G is a Haar integral on G . 
We are now ready to prove existence of Haar integrals on general LCA groups.
Theorem 7.5. Every locally compact abelian group admits a Haar integral.
D. Dikranjan, L. Stoyanov / Topology and its Applications 158 (2011) 1942–1961 1961Proof. Let G be a LCA group. If G is compact or discrete, then Theorem 7.1 or Lemma 7.3 apply. In case G is compactly
generated, G has a discrete subgroup H such that G/H is compact by Theorem 5.12. So both H and G/H admit a Haar
integral. It follows from Lemma 7.4 that G admits a Haar integral, too.
In the general case G has an open subgroup H which is compactly generated – just take the subgroup generated by an
arbitrary compact neighborhood of 0 in G . Such a subgroup H is locally compact (and compactly generated), hence admits
a Haar integral by the above argument, while G/H is discrete, so it also admits a Haar integral by Lemma 7.3. Finally,
Lemma 7.4 implies that G admits a Haar integral, too. 
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